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Abstract—This paper examines the vibration characteristics of rectangular, symmetric composite
sandwich plates and the layup optimization of their top and bottom laminated FRP composite faces.
The honeycomb core is modeled as a thick plate whose transverse shear deformation is taken into
consideraion based on a higher-order shear deformation theory, and the top and bottom laminated
FRP composite faces are modeled as a very thin sheet. A two-dimensional finite element method
is developed using an eight-node isoparametric element. First, the fundamental frequency of the
composite sandwich plate is discussed in the subspace of four in-plane lamination parameters of the
laminated FRP composite face. Next, the layup optimization of the laminated FRP composite face for
maximizing the fundamental frequency of the composite sandwich plate is performed by a nonlinear
mathematical programming method, and the optimum laminate configuration of the laminated FRP
composite face is determined.

Keywords: Composite sandwich plate; thin laminated FRP composite face; fundamental frequency;
layup optimization; two-dimesional finite element method; higher-order shear deformation theory.

1. INTRODUCTION

A composite sandwich plate is a high-strength composite laminate which consists of
a comparatively thick, light core and top and bottom thin faces, and has been widely
applied to aerospace structures. Generally, the core is of honeycomb or polymer
material, and the top and bottom faces are of a laminated FRP composite. To achieve
performance of load-carrying capacity and stiffness of the composite sandwich
plate, the design of laminate configuration of the top and bottom laminated FRP
composite faces is necessary.

∗To whom correspondence should be addressed.
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182 H. Sekine et al.

Analytical studies of vibration problems have been conducted previously on a
sandwich plate with homgeneous and isotropic faces [1, 2]. Moreover, Khatua and
Cheung [3] carried out a vibration analysis of the sandwich plate with orthotropic
faces using the finite element method based on a multilayer plate theory, and Ng
and Das [4] using the Galerkin method for a skew sandwich plate. Mirza and Li
[5] recently proposed an analytical method based on the reciprocity theorem for a
vibration problem of sandwich plate.

Some researches of vibration problems [6–10] were conducted by applying the
classical lamination theory and the Mindlin plate theory to the laminated FRP
composite face. A vibration analysis based on a higher-order shear deformation
theory was also conducted to obtain a more accurate solution [11, 12].

Few vibrational optimization problems have been studied on the composite
sandwich plate. Duffy and Adali [13] examined the layup optimization using the
fiber orientation angles of laminated FRP composite face as design variables, but
only the angle-ply laminate configuration was studied. Therefore, sufficient design
knowledge for configuring the laminated FRP composite face has not been obtained.

This study examines the vibration characteristics of rectangular, symmetric com-
posite sandwich plates and the layup optimization of the top and bottom laminated
FRP composite faces. The core is of honeycomb, and the transverse shear deforma-
tion is taken into account by applying a higher-order shear deformation theory. The
top and bottom laminated FRP composite faces are sufficiently thin, compared with
the core, and the in-plane and out-of-plane displacements of the top and bottom
faces are uniform through the thickness. A two-dimensional finite element method
is developed for the analysis using an eight-node isoparametric element. First, the
fundamental frequency of the composite sandwich plate is discussed in the sub-
space of four in-plane lamination parameters of the laminated FRP composite face.
Next, the optimization problem is formulated by using the in-plane lamination pa-
rameters as design variables. The optimum laminate configuration of the laminated
FRP comosite face, which maximizes the fundamental frequency of the composite
sandwich plate, is determined.

2. FREE VIBRATION ANALYSIS OF COMPOSITE SANDWICH PLATES

A rectangular, symmetric composite sandwich plate, whose core is of honeycomb,
and top and bottom faces are of a laminated FRP composite, is illustrated in Fig. 1.
A Cartesian coordinate system (x, y, z) is adopted, whose x and y axes run on the
mid-line of two sides of the rectangular composite sandwich plate. The side lengths
of the rectangular composite sandwich plate are a and b in the x and y directions,
respectively, and the thickness is h. The thickness of the core is hc, and that of the
top and bottom laminated FRP composite faces is hf . The fiber orientation angle
of the laminated FRP composite face is indicated by θ(z). The deformation of the
composite sandwich plate is schematically presented in Fig. 2.
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Vibration characteristics of composite sandwich plates and layup optimization 183

Figure 1. Rectangular, symmetric composite sandwich plate and Cartesian coordinate system.

Figure 2. Schematic view of deformation of composite sandwich plate.

2.1. Elastic fields of core, and top and bottom faces

2.1.1. Core. A higher-order shear deformation theory is applied to consider the
transverse shear deformation of core. By adopting a cubic function of z for the
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184 H. Sekine et al.

displacements in the x and y directions uc, vc, and a quadratic function of z for the
displacement in the z direction wc , the displacement field is given in the following
equations [14].

uc(x, y, z, t) = a0(x, y, t) + a1(x, y, t)z + a2(x, y, t)z2 + a3(x, y, t)z3, (1)

vc(x, y, z, t) = b0(x, y, t) + b1(x, y, t)z + b2(x, y, t)z2 + b3(x, y, t)z3, (2)

wc(x, y, z, t) = c0(x, y, t) + c1(x, y, t)z + c2(x, y, t)z2, (3)

where a0, b0, and c0 are displacements on the mid-plane of core; a1 and b1

are rotations of the cross-sections perpendicular to the x and y directions; and
c1, a2, b2, c2, a3, and b3 are the higher-order terms. Using equations (1) to (3), the
strain εc(= [εc

xε
c
yε

c
zγ

c
yzγ

c
zxγ

c
xy]T) is expressed as follows:

εc = εc(0) + εc(1)z + εc(2)z2 + εc(3)z3, (4)

where

[εc(0)εc(1)εc(2)εc(3)]T = [Cc(0)Cc(1)Cc(2)Cc(3)]Tq, (5)

Cc(0) =




∂

∂x
0 0 0 0 0 0 0 0 0 0

0
∂

∂y
0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0

0 0
∂

∂y
0 1 0 0 0 0 0 0

0 0
∂

∂x
1 0 0 0 0 0 0 0

∂

∂y

∂

∂x
0 0 0 0 0 0 0 0 0




, (6)

Cc(1) =




0 0 0
∂

∂x
0 0 0 0 0 0 0

0 0 0 0
∂

∂y
0 0 0 0 0 0

0 0 0 0 0 0 0 0 2 0 0

0 0 0 0 0
∂

∂y
0 2 0 0 0

0 0 0 0 0
∂

∂x
2 0 0 0 0

0 0 0
∂

∂y

∂

∂x
0 0 0 0 0 0




, (7)
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Vibration characteristics of composite sandwich plates and layup optimization 185

Cc(2) =




0 0 0 0 0 0
∂

∂x
0 0 0 0

0 0 0 0 0 0 0
∂

∂y
0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
∂

∂y
0 3

0 0 0 0 0 0 0 0
∂

∂x
3 0

0 0 0 0 0 0
∂

∂y

∂

∂x
0 0 0




, (8)

Cc(3) =




0 0 0 0 0 0 0 0 0
∂

∂x
0

0 0 0 0 0 0 0 0 0 0
∂

∂y

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
∂

∂y

∂

∂x




, (9)

q = [a0 b0 c0 a1 b1 c1 a2 b2 c2 a3 b3]T. (10)

For the honeycomb core, the stress σ c(= [σ c
x σ c

y σ c
z τ c

yzτ
c
zxτ

c
xy]T) and strain εc relation

is written as

σ c =




0 0 0 0 0 0
0 0 0 0 0 0
0 0 Ez 0 0 0
0 0 0 Gyz 0 0
0 0 0 0 Gzx 0
0 0 0 0 0 0




εc, (11)

where Ez is the Young’s modulus of honeycomb core in the z direction, and Gzx

and Gyz are the shear moduli in the x–z and y–z planes, respectively.

2.1.2. Top and bottom faces. When the top and bottom laminated FRP composite
faces are sufficiently thin, the in-plane and out-of-plane displacements of the top and
bottom faces are uniform through the thickness, and the displacements agree with
those on the top and bottom surfaces of core. Therefore, the displacements of the
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186 H. Sekine et al.

top and bottom faces are expressed as follows:

u
f

k = a0 + d1ka1 + d2ka2 + d3ka3, (12)

v
f

k = b0 + d1kb1 + d2kb2 + d3kb3, (13)

w
f

k = c0 + d1kc1 + d2kc2, (14)

where

d1k = −(−1)k hc

2
, d2k =

(
hc

2

)2

, d3k = −(−1)k

(
hc

2

)3

. (15)

Here, k = 1 and 2 correspond to the top and bottom faces, respectively. Using
equations (12) to (14), the strain of the top and bottom faces ε

f

k (= [εf
x ε

f
y γ

f
xy]T)

becomes

ε
f

k = Cf

k q, (16)

where

Cf

k =




∂

∂x
0 0 d1k

∂

∂x
0 0 d2k

∂

∂x
0 0 d3k

∂

∂x
0

0
∂

∂y
0 0 d1k

∂

∂x
0 0 d2k

∂

∂y
0 0 d3k

∂

∂y

∂

∂y

∂

∂x
0 d1k

∂

∂y
d1k

∂

∂x
0 d2k

∂

∂y
d2k

∂

∂x
0 d3k

∂

∂y
d3k

∂

∂x




.

(17)
The stress σ

f

k (= [σf
x σ

f
y τ

f
xy]T) and strain ε

f

k relation for the top and bottom
laminated FRP composite faces is given by

σ
f

k =
[

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

]
ε

f

k , (18)

where Qij are the reduced stiffnesses. The in-plane resultant stress Nf

k

(= [Nf

xkN
f

ykN
f

xyk]T) and strain ε
f

k relation is written as

Nf

k = Af ε
f

k , (19)

where

Af =



A
f

11 A
f

12 A
f

16

A
f

12 A
f

22 A
f

26

A
f

16 A
f

26 A
f

66


 , (20)

A
f

ij =
∫ t2

t1

Qij dz (i, j = 1, 2, 6). (21)

The lower and upper bounds of the integral in equation (21) are t1 = hc/2 and
t2 = hc/2 + hf for the top face, and t1 = −hc/2 − hf and t2 = −hc/2 for
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Vibration characteristics of composite sandwich plates and layup optimization 187

the bottom face. It should be noted that the in-plane stiffness A
f

ij is identical for
the top and bottom laminated FRP composite faces because the fiber orientation
is geometrically symmetric with respect to the mid-plane of composite sandwich
plate. When the stiffness invariants Ui(i = 1, 2, . . . , 5) and in-plane lamination
parameters ξi(i = 1, 2, 3, 4) are introduced, the in-plane stiffnesses A

f

ij (i, j =
1, 2, 6) are expressed as follows:

(
A

f

11, A
f

22, A
f

12, A
f

66, A
f

16, A
f

26

)
= hf {(U1, U2, U4, U5, 0, 0) + (ξ1, −ξ1, 0, 0, ξ3/2, ξ3/2)U2

+ (ξ2, ξ2, −ξ2, −ξ2, ξ4, −ξ4)U3}. (22)

Using the fiber orientation angle θ , the in-plane lamination parameters ξi(i =
1, 2, 3, 4) are defined in the following equations.

(ξ1, ξ2, ξ3, ξ4) =
∫ 1

0
(cos 2θ, cos 4θ, sin 2θ, sin 4θ) du. (23)

The in-plane lamination parameters ξi(i = 1, 2, 3, 4) are dependent on each other,
and the feasible region is given by [15]

ξ 2
1 + ξ 2

3 � 1, (24)

(
ξ2 − ξ 2

1 + ξ 2
3

)2 + (ξ4 − 2ξ1ξ3)
2 �

(
1 − ξ 2

1 − ξ 2
3

)2
. (25)

The feasible region in the case of (ξ3, ξ4) = (0, 0) is presented by

2ξ 2
1 − 1 � ξ2 � 1. (26)

When ξ1 and ξ2 are prescribed, the feasible region is presented by

2(1 + ξ2)ξ
2
3 − 4ξ1ξ3ξ4 + ξ 2

4 �
(
ξ2 − 2ξ 2

1 + 1
)
(1 − ξ2). (27)

2.2. Formulation of the two-dimensional finite element method

An equation of motion for obtaining fundamental frequency and its corresponding
vibration mode of the composite sandwich plate is formulated using Hamilton’s
principle.

When the shape function of an eight-node two-dimensional isoparametric element
is N, q in equation (10) is expressed using q̄ which is q at the node of the element
p, in the following equation.

q = Nq̄. (28)

By use of q̄, the strain energy of the element p is given by
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188 H. Sekine et al.

Up = 1

2

∫
Sp

q̄TNT

[
Cc(0)

Cc(2)

]T [
Ac Dc

Dc Fc

] [
Cc(0)

Cc(2)

]
Nq̄ dSp

+ 1

2

∫
Sp

q̄TNT

[
Cc(1)

Cc(3)

]T [
Dc Fc

Fc Hc

] [
Cc(1)

Cc(3)

]
Nq̄ dSp

+
2∑

k=1

1

2

∫
Sp

q̄TNTCf T
k Af Cf

k Nq̄ dSp, (29)

where Sp is the area of the element p. In equation (29), Ac is the in-plane stiffness,
Dc is the out-of-plane stiffness, and Fc and Hc are the higher-order therms, as
follows:

Ac
33 = ∫ hc/2

−hc/2 Ezdz = hcEz, Ac
44 = ∫ hc/2

−hc/2 Gyzdz = hcGyz

Ac
55 = ∫ hc/2

−hc/2 Gzxdz = hcGzx

Dc
33 = ∫ hc/2

−hc/2 Ezz
2dz = 1

12
hc3Ez, Dc

44 = ∫ hc/2
−hc/2 Gyzz

2dz = 1

12
hc3Gyz

Dc
55 = ∫ hc/2

−hc/2 Gzxz
2dz = 1

12
hc3Gzx

F c
33 = ∫ hc/2

−hc/2 Ezz
4dz = 1

80
hc5Ez, F c

44 = ∫ hc/2
−hc/2 Gyzz

4dz = 1

80
hc5Gyz

F c
55 = ∫ hc/2

−hc/2 Gzxz
4dz = 1

80
hc5Gzx

Hc
33 = ∫ hc/2

−hc/2 Ezz
6dz = 1

448
hc7Ez, Hc

44 = ∫ hc/2
−hc/2 Gyzz

6dz = 1

448
hc7Gyz

Hc
55 = ∫ hc/2

−hc/2 Gzxz
6dz = 1

448
hc7Gzx

Otherwise, Ac
ij = Dc

ij = Fc
ij = Hc

ij = 0 for i, j = 1, 2, . . . , 6.




.

(30)
Similarly, the kinetic energy of the element p is presented by

Tp = 1

2
ρc

∫
Sp

˙̄qT
NTZc ˙̄q dSp +

2∑
k=1

1

2
ρ

f

k

∫
Sp

˙̄qT
NTZf

k N ˙̄q dSp, (31)
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Vibration characteristics of composite sandwich plates and layup optimization 189

where

Zc =




Zc
1 0 0 0 0 0 Zc

2 0 0 0 0
0 Zc

1 0 0 0 0 0 Zc
2 0 0 0

0 0 Zc
1 0 0 0 0 0 Zc

2 0 0
0 0 0 Zc

2 0 0 0 0 0 Zc
3 0

0 0 0 0 Zc
2 0 0 0 0 0 Zc

3
0 0 0 0 0 Zc

2 0 0 0 0 0
Zc

2 0 0 0 0 0 Zc
3 0 0 0 0

0 Zc
2 0 0 0 0 0 Zc

3 0 0 0
0 0 Zc

2 0 0 0 0 0 Zc
3 0 0

0 0 0 Zc
3 0 0 0 0 0 Zc

4 0
0 0 0 0 Zc

3 0 0 0 0 0 Zc
4




, (32)

Z
f

k = hf




1 0 0 d1k 0 0 d2k 0 0 d3k 0
0 1 0 0 d1k 0 0 d2k 0 0 d3k

0 0 1 0 0 d1k 0 0 d2k 0 0
d1k 0 0 d1kd1k 0 0 d1kd2k 0 0 d1kd3k 0
0 d1k 0 0 d1kd1k 0 0 d1kd2k 0 0 d1kd3k

0 0 d1k 0 0 d1kd1k 0 0 d1kd2k 0 0
d2k 0 0 d2kd1k 0 0 d2kd2k 0 0 d2kd3k 0
0 d2k 0 0 d2kd1k 0 0 d2kd2k 0 0 d2kd3k

0 0 d2k 0 0 d2kd1k 0 0 d2kd2k 0 0
d3k 0 0 d3kd1k 0 0 d3kd2k 0 0 d3kd3k 0
0 d3k 0 0 d3kd1k 0 0 d3kd2k 0 0 d3kd3k




.

(33)
In equation (31), the superimposed dot indicates the differentiation with respect to
time, and ρc and ρ

f

k (k = 1, 2) are the densities of core, and top and bottom faces,
respectively. In equation (32), Zc

i (i = 1, 2, 3, 4) are as follows:

(
Zc

1, Z
c
2, Z

c
3, Z

c
4

) =
∫ hc/2

−hc/2
(1, z2, z4, z6) dz. (34)

Consequently, the total strain energy and the total kinetic energy are presented by

U =
∑

p

Up, (35)

T =
∑

p

Tp, (36)

Hamilton’s principle gives

δH =
∫ t+
t

t

δ(T − U) dt = 0, (37)

where t is time. By substituting equations (35) and (36) into equation (37), the
equation of motion for free vibration is formulated as follows:

M ¨̃q − Kq̃ = 0, (38)
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where q̃ is listed from q̄ for individual nodes for the whole structure including all
elements, and M and K are the mass matrix and stiffness matrix, respectively. The
solution of free vibration is presented in the following form

q̃ = φeiωt . (39)

Then, the equation of motion represented by the j -th fundamental frequency ωj and
the corresponding vibration mode φj is given by

Kφj = ω2
j Mφj . (40)

2.3. Numerical examples and consideration of results

Consider the rectangular, symmetric composite sandwich plate whose core is
of aluminum honeycomb, and top and bottom faces are of a laminated CFRP
composite. The aluminum honeycomb of the core is made of sheet-like aluminum
foil by conducting an undulate folding and bonding alternately the parts together.
The shape of each cell is a hexagon. Then, the cell wall is of one or two sheets
of aluminum foil, as shown in Fig. 3. From this fact, the anisotropy appears in the
shear moduli of honeycomb core Gyz and Gzx . Maerial properties of the aluminum
honeycomb core are displayed in Table 1. The material properties of the CFRP
composite lamina are also displayed in Table 2. For every numerical example in

Figure 3. Schematic view of aluminum honeycomb core.

Table 1.
Material properties of aluminum honeycomb core

Ez (GPa) Gyz (MPa) Gzx (MPa) ρc (kg/m3)

1.09 147.1 323.6 75.0

Table 2.
Material properties of CFRP composite lamina

EL (GPa) ET (GPa) vLT GLT (GPa) ρ
f
k (kg/m3)

153.0 10.9 0.3 5.6 1590.0
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Vibration characteristics of composite sandwich plates and layup optimization 191

Subsection 2.3, the rectangular composite sandwich plate is simply supported on
the four edges.

For the two-dimensional finite element analysis, the rectangular composite sand-
wich plate is divided equally into ten elements in the x and y directions, respec-
tively. A three-dimensional finite element analysis is also conducted to verify the
validity of the two-dimensional finite element analysis based on the premise that
the top and bottom faces are sufficiently thin compared with the core. In the three-
dimensional finite element analysis, the mesh in the x–y plane is the same as that
of the two-dimensional finite element analysis, and the plate is divided into three
elements corresponding to the core, and the top and bottom faces in the z direc-
tion. The element used in the three-dimensional finite element analysis is a 20-node
isoparametric brick element.

Henceforth, the results of fundamental frequency are given in the following non-
dimensional form

ω∗
1 = ω1

/√
EL × 10−4

ρ
f

k a2
. (41)

2.3.1. Validating the present analysis. Figure 4 illustrates the result of non-
dimensional fundamental frequency ω∗

1 of the composite sandwich plate with a/b =
1.0 and a/h = 20 obtained by the present analysis and the three-dimensional finite
element analysis. The top and bottom faces are of a balanced angle-ply composite

Figure 4. Comparison of the results of non-dimensional fundamental frequency ω∗
1 obtained by the

present analysis and the three-dimensional finite element analysis.
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192 H. Sekine et al.

Table 3.
Values of non-dimensional fundamental frequency ω∗

1 for hc/h = 0.90 and 0.96 obtained by the
present analysis and the three-dimensional finite element analysis

hc/h = 0.90 hc/h = 0.96

Present 3D FEM Error (%) Present 3D FEM Error (%)
analysis analysis analysis analysis

[0◦
2/C/0◦

2] 16.98 17.77 4.45 16.50 16.72 1.32
[±15◦/C/∓15◦] 18.54 19.41 4.48 17.95 18.20 1.37
[±30◦/C/∓30◦] 21.24 22.23 4.45 20.52 20.81 1.39
[±45◦/C/∓45◦] 22.76 23.79 4.33 21.84 22.12 1.27

laminate of two layers.1 It is found from the figure that the result by the present
analysis approaches that by the three-dimensional finite element analysis as the
thickness ratio of the core to the composite sandwich plate hc/h tends to one.
Table 3 presents the non-dimensional fundamental frequency ω∗

1 for hc/h = 0.90
and 0.96 by the present analysis and the three-dimensional finite element analysis.
The results differ by about 5% independent of the layup of the balanced angle-
ply composite laminate for hc/h = 0.90, and almost agree for hc/h = 0.96.
This means that the result by the present analysis is sufficiently accurate when
the thickness of the top and bottom faces is sufficiently small. In this paper, the
numerical calculation was therefore carried out for hc/h = 0.90.

2.3.2. Vibration characteristics of rectangular composite sandwich plate. The
fundamental frequency of the composite sandwich plate is discussed in the subspace
of four in-plane lamination parameters of the top and bottom laminated CFRP
composite faces. In Fig. 5, the contours of non-dimensional fundamental frequency
ω∗

1 on the plane of in-plane lamination parameter are indicated in the cases of
(ξ3, ξ4) = (0, 0), (ξ1, ξ2) = (0.2, 0.5) and (ξ1, ξ2) = (−0.2, −0.5) when a/b is
taken as a/b = 1.0 and a/h as a/h = 100, 50, 20. It is found from the figure
that ω∗

1 reaches a maximum at (ξ3, ξ4) = (0, 0) when the values of ξ1 and ξ2 are
prescribed. This means that the existence of the in-plane extension-shear coupling,
i.e., ξ3, ξ4 �= 0, produces an effect that makes ω∗

1 small. On the other hand, it is
seen that ω∗

1 becomes maximum on the boundary of feasible region on the ξ1 − ξ2

plane in the case of (ξ3, ξ4) = (0, 0). It is also seen that ξ1 at the maximum point of

1In the three-dimensional finite element analysis, the top and bottom two-layer laminated FRP
composite faces are assumed to be of a balanced angle-ply composite laminate that the lamina with
infinitesimal thickness is alternately laminated. The elastic moduli of the top and bottom faces are
estimated by the rule of mixture using elastic moduli of CFRP composite lamina.

When the stacking sequence was [±30◦/C/∓30◦], the non-dimensional fundamental frequency ω∗
1

of the composite sandwich plate with a/b = 1.0, a/h = 100 and hc/h = 0.8 was obtained as
ω∗

1 = 5.573 by the three-dimensional finite element analysis. On the other hand, it was obtained as
ω∗

1 = 5.597 using the Rayleigh–Ritz method. Both results agree satisfactorily.
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Vibration characteristics of composite sandwich plates and layup optimization 193

Figure 5. Contours of non-dimensional fundamental frequency ω∗
1 on the plane of in-plane lamination

parameter for a/b = 1.0 and a/h = 100, 50, 20.
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194 H. Sekine et al.

Figure 6. Contours of non-dimensional fundamental frequency ω∗
1 on the plane of in-plane lamination

parameter for a/b = 1.5, 2.0 and a/h = 50.

ω∗
1 deviates from zero to the positive with decreasing the value of a/h. This is the

effect of anisotropy of the core.2

Figure 6 shows the effect of the aspect ratio of the rectangular composite sandwich
plate on vibration characteristics. When a/b is 1.5 and 2.0, and a/h is 50, the
contours of non-dimensional fundamental frequency ω∗

1 on the plane of in-plane
lamination parameter are indicated in the cases of (ξ3, ξ4) = (0, 0), (ξ1, ξ2) =
(0.2, 0.5) and (ξ1, ξ2) = (−0.2, −0.5), as well as in Fig. 5. It is seen from the
figure that ω∗

1 becomes maximum at (ξ3, ξ4) = (0, 0) when the values of ξ1 and ξ2

are prescribed. It is also observed that ω∗
1 becomes maximum on the boundary of

feasible region on the ξ1 − ξ2 plane in the case of (ξ3, ξ4) = (0, 0).

2We numerically confirmed that ω∗
1 reaches a maximum at (ξ1, ξ2) = (0, −1) independent of the

value of a/h when the core is isotropic.
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3. LAYUP OPTIMIZATION OF LAMINATED FRP COMPOSITE FACES

In this section, we examine the layup optimization problem of the top and bottom
laminated FRP composite faces, which maximizes the fundamental frequency of the
composite sandwich plate by a nonlinear mathematical programming method. The
laminate configuration of the laminated FRP composite faces is optimized using the
four in-plane lamination parameters as design variables.

3.1. Formulation of the layup optimization problem

The layup optimization problem, which maximizes the fundamental frequency of
the composite sandwich plate, can be formulated as

maximize ω∗
1(ξ1, ξ2, ξ2, ξ4),

subject to ξ 2
1 + ξ 2

3 � 1,

(ξ2 − ξ 2
1 + ξ 2

3 )2 + (ξ4 − 2ξ1ξ3)
2 � (1 − ξ 2

1 − ξ 2
3 )2, (42)

design variables ξ1, ξ2, ξ3, ξ4.

Constraints of this layup optimization problem indicate the feasible region of in-
plane lamination parameter; this feasible region is expressed by equations (24) and
(25). The feasible direction method is used as an optimizer and the golden section
method as a one-dimensional search in the ADS program [16].

3.2. Optimization results

Table 4 lists the values of the optimum lamination parameters and the optimum
laminate configuration of the top and bottom laminated CFRP composite faces when
a/b is taken as a/b = 1.0, 1.5, 2.0, and a/h as a/h = 100, 50, 20. The rectangular
composite sandwich plate is simply supported and clamped on the four edges. It
is recognized from the table that the optimum values of the in-plane lamination
parameters ξ3 and ξ4 are determined as ξ3 = ξ4 = 0.0, disregarding the error of
numerical calculation. The optimum laminate configuration is of angle-ply or 90◦
unidirectional for the simply supported composite sandwich plate, and of 0◦/90◦
cross-ply or 90◦ unidirectional for the clamped one.

4. CONCLUSIONS

In this study, we have examined the vibration characteristics of rectangular, sym-
metric composite sandwich plates and the layup optimization of the top and bottom
laminated FRP composite faces. It has been based on the premise that the top and
bottom laminated FRP composite faces are sufficiently thin compared with the core.
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A two-dimensional finite element method has been developed by applying a higher-
order shear deformation theory and used for the present analysis.

Comparing the fundamental frequencies obtained by the present analysis and the
three-dimensional finite element analysis has demonstrated that the present analy-
sis has sufficient accuracy when the laminated FRP composite face is sufficiently
thin. First, the fundamental frequency of the composite sandwich plate has been
discussed in the subspace of four in-plane lamination parameters of the laminated
FRP composite face. The result has proved that the in-plane extension-shear cou-
pling produces the decrease of the fundamental frequency. Next, examining the
optimum laminate configuration of the laminated FRP composite face, which max-
imizes the fundamental frequency of the composite sandwich plate, we have found
that the maximum fundamental frequency is realized in the case of the nonexistence
of in-plane extension-shear coupling. Then, the optimum laminate configuration
is of angle-ply or 90◦ unidirectional for the simply supported composite sandwich
plate, and of 0◦/90◦ cross-ply or 90◦ unidirectional for the clamped one.

Table 4.
Optimum lamination parameters and laminate configuration

Boundary Aspect ω∗
1 Optimum lamination parameters Optimum laminate

condition ratio configuration
(a/b) ξ1 ξ2 ξ3 ξ4

(a) a/h = 100
Simply 1.0 5.551 0.007 −1.000 −0.001 0.000 [44.8◦

0.50/-44.8◦
0.50]

supported 1.5 6.106 −0.560 −0.373 0.000 0.000 [62.0◦
0.50/-62.0◦

0.50]
2.0 7.702 −1.000 1.000 −0.001 0.000 [90.0◦]1.00

Clamped 1.0 9.104 0.441 1.000 −0.001 −0.001 [0.0◦
0.72/90.0◦

0.28]
1.5 12.58 −1.000 1.000 −0.001 0.000 [90.0◦

1.00]
2.0 16.49 −1.000 1.000 0.000 0.000 [90.0◦

1.00]
(b) a/h = 50
Simply 1.0 10.71 0.013 −1.000 −0.004 0.014 [44.6◦

0.50/-44.6◦
0.50]

supported 1.5 11.81 −0.504 −0.493 −0.003 0.000 [60.1◦
0.50/-60.1◦

0.50]
2.0 14.84 −1.000 1.000 −0.001 0.000 [90.0◦

1.00]
Clamped 1.0 16.98 0.443 1.000 0.002 0.000 [0.0◦

0.72/90.0◦
0.28]

1.5 22.07 −1.000 1.000 −0.001 0.000 [90.0◦
1.00]

2.0 28.95 −1.000 1.000 0.000 0.000 [90.0◦
1.00]

(c) a/h = 20
Simply 1.0 23.12 0.128 −1.000 0.000 0.000 [41.3◦

0.50/-41.3◦
0.50]

supported 1.5 25.80 −0.361 −0.740 0.000 0.000 [55.6◦
0.50/-55.6◦

0.50]
2.0 31.21 −0.876 0.531 0.000 0.000 [75.6◦

0.50/-75.6◦
0.50]

Clamped 1.0 32.16 0.430 1.000 0.000 0.000 [0.0◦
0.72/90.0◦

0.28]
1.5 35.65 −0.266 1.000 0.000 0.000 [0.0◦

0.37/90.0◦
0.63]

2.0 45.12 −1.000 1.000 0.000 0.000 [90◦
1.00]
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